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ABSTRACT 

The e x t e n s i o n  of  spectral methods t o  i n v i s c i d  c o m p r e s s i b l e  f l o w s  i s  

c o n s i d e r e d .  Techn iques  f o r  h i g h  r e s o l u t i o n  t r e a t m e n t  of s h o c k s  and c o n t a c t  

d i s c o n t i n u i t i e s  are i n t r o d u c e d .  Model problems t h a t  d e m o n s t r a t e  r e s o l u t i o n  

of  shocks  and c o n t a c t  d i s c o n t i n u i t i e s  o v e r  one e f f e c t i v e  g r i d  i n t e r v a l  are 

g i v e n .  
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1. I N T R O D U C T I O N  

. 
S p e c t r a l  methods  1 4 1  a r e  based  on r e p r e s e n t i n g  t h e  s o l u t i o n  

t o  a p rob lem a s  a t r u : i c a t e d  s e r i e s  o f  smooth f u n c t i o n s  o f  t h e  d e p e n d e n t  

v a r i a b l e s .  T h e y  have  been a p p l i e d  t o  t h e  n u m e r i c a l  s i m u l a t i o n  o f  a 

v a r i e t y  o f  v i s c o u s  f l o w s ,  i n c l u d i n g  t h e  n u m e r i c a l  s i m u l a t i o n  o f  t u r b u l e n c e  

[151 and t h e  n u m e r i c a l  s i m u l a t i o n  o f  t r a n s i t i o n  t o  t u r b u l e n c e  [I41 i n  

i n c o m p r e s s i b l e  f l u i d s .  

t o  p r o b l e m s  where  F o u r i e r  s e r i e s  a r e  a p p r o p r i a t e  i n  r e c t a n g u l a r  

g e o m e t r i e s  and  s p h e r i c a l  barmonic  s e r i e s  a r e  a p p r o p r i a t e  i n  s p h e r i c a l  

I t  may seen: t h a t  s p e c t r a l  me thods  a r e  l i m i t e d  

g e o m e t r i e s .  I n  t h e s e  c a s e s ,  smooth s o l u t i o n s  can  be r e p r e s e n t e d  a s  

r a p i d l y  c o n v e r g i n g  s p e c t r a l  se r ies ,  l e a d i n g  t o  s i g n i f i c a n t  economies  

o v e r  d i s c r e t e  a p p r o x i m a t i o n s  t h a t  l e a d  t o  f i n i t e  d i f f e r e n c e  me thods .  

S p e c t r a l  methods  have  now d e v c l o p e d ’ a s  a u s e f u l  t o o l  i n  a r e a s  

f a r  removed f rom t h e i r  o r i g i n a 1 , a n d  p e r h a p s  obv io t J s ,  a p p l i c a t i o n s .  

T r a n s f o r m  me thods  [lo1 have  a l l o w e d  t h e i r  a p p l i c a t i o n  t o  p r o b l e m s  

w i t h  g e n e r a l  n o n l i n e a r  and n o n c o n s t a n t  c o e f f i c i e n t s .  O r t h o g o n a l  

p o l y n o m i a l  e x p a n s i o n s  1 4 1  have  expanded w i d e l y  t h e  k i n d s  o f - b o u n d a r y  

c o n d i t i o n s  amenable t o  s p e c t r a l  t r e a t m e n t .  New e x t e n s i o n s  o f  t h e  

f a s t  Fourier transform t o  nearly arbitrary Sturm-Liouville eigen- 

f u n c t i o n  b a s e s  8fl may improve  t h e  e f f i c i e n c y  o f  s p e c t r a l  me thods  

based  on e x o t i c  f u n c t i o n  b a s e s .  A f a s t ,  g e n e r a l  i t e r a t i o n  method 

h a s  improved  t h e  e f f i c i e n c y  of  s o l v i n g  g e n e r a l  s p e c t r a l  e q u a t i o n s  

so t h a t  s p e c t r a l  s o l u t i o n  o f  p r o b l e m s  i n  g e n e r a l  c o m p l i c a t e d  g e o m e t r i e s  

r e q u i r e s  l i t t l e  more work t h a n  t h a t  r e q u i r e d  t o  s o l v e  t h e  l o w e s t -  

o r d e r  f i n i t e - d i f r e r e n c e  a p p r o x i m a t i o n  t o  t h e  p rob lem i n  t h e  complex 

geomet ry  (121, 

One k i n d  o f  p rob lem h a s  n o t  y e t  r e ’ce ived  much a t t e n t i o n  f o r  

t r e a t m e n t  by s p e c t r a l  m e t h o d s ,  namely ,  t h e  a ? p r o x i m a t i o n  of d i s -  

c o n t i n u o u s  s o l u t i o n s  by s p e c t r a l  methods .  Sone e a r l y  p a r t i a l  r e s u l t s  



-2- 

were e n c o u r a g i n g .  I t  was shown [13! t h a t  c o n t i n u o u s  s o l u t i o n s  w i t h  

d i s c o n t i n u o u s  d e r i v a t i v e s  a r e  w e l l  r e p r e s e n t e . !  s p e c t r a l l y  and t h a t  t h e  

a c c u r a c y  a d v a n t a g e s  o f  s p e c t r a l  methods  o v e r  f i n i t e  d i f f e r e n c e  methods  

s u r v i v e  f o r  s u c h  s o l u t i o n s .  

I n  t h e  p r e s e n t  p a p e r ,  we p r o v i d e  an i n i t i a l  g l i m p s e  i n t o  t h c  

e x t e n s i o n  o f  s p e c t r a l  methods  t o  t r e a t  d i s c o n t i n u o u s  s o l u t i o n s  w i t h  

$ h o c k s  and  c o n t a c t  d i s c o n t i n u i t i e s .  The r e s u l t s  a;-e e n c o u r a g i n g  

I t  seems t h a t  s p e c t r a l  methods  a l l o w  t h e  r e s o l u t i o n  o f  s h o c k  f r o n t s  and 

c o n t a c t  d i s c o n t i n u i t i e s  by s h o c k - c a p t u r i n g  t e c h n i q u e s  with o n l v  o n e  

g r i d  i n t e r v a l  across t h e  d i s c o n t i n u i t y .  Of c o u r s e ,  soec t ra l  Ve thQds  

m a y  also be used w i t h  s h o c k - f i t t i n q  t e c h n i q u e s  to r e a r e s n n t  a per fcc t lv  

sharp d i s c o n t i n u i t y .  

2. L I N E A R  H Y P E R B O L I C  PROBLEtlS 

It h a s  been  shown [ 9 ]  t h a t  by pre- an6 p o s t -  p r o c e s s i n g  

d i s c o n t i n u o u s  d a t a  i t  i s  p o s s i b l e  t o  a c h i e v e  hi[:h a c c u r a c y  w i t h  

s p e c t r a l  a p p r o x i m a t i o n s  t o  d i s c o n t i n u o u s  s o l u t i o n s  of l i n e a r  p r o b l e m s .  

A s t a n d a r d  model  problem [ I ]  is g i v e n  by t h e  o n e - d i m e n s i o n a l  

wave e q u a t i o n  

w i t h  p e r i o d i c  boundary  c o n d i t i o n s  on t h e  i n t e r v a l  0 5 x 2 n .  With 

nonsmooth i n i t i a l  d a t a  u ( x , O )  = f ( x ) ,  t h e  s o l u t i o n  u ( x , t )  = f ( x - t )  

( e x t e n d e d  p e r i o d i c a l l y )  i s  nonsmooth f o r  a l l  t and a F o u r i e r - s p e c t r a l  

method s h o u l d  be  e x p e c t e d  t o  c o n v e r g e  s l o w l y .  N e v e r t h e l e s s ,  r e s u l t s  

o b t a i n e d  b y  p s e u d o s p e c t r a l  F o u r i e r  s o l u t i o n  o f  L 1 1  on a u n i f o r m  g r i d  
D. 

a r e  s p e c t a c u l a r  ( a t  l e a s t  i n  compar i son  w i t h  t h o s e  o b t a i n e d  by s u c h  

t e c h n i q u e s  a s  t h e  f l u x - c o r r e c t e d  t r a n s p o r t  (FCT) a l g o r i t h m  [ 11>  . Of 
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. 

c o u r s e ,  b o t h  t h e  s p e c t r a l  and  f i n i t e - d i f f e r e n c e  r e su l t s  may b e  improved  

u s i n g  a d a p t i v e  mesh- re f inemen€  methods  t o  improve  r e s o l u t i o n  n e a r  

d i s c o n t i n u i t i e s .  I n  F i g .  1 ,  t h e  s o l u t i o n  t o  ( 1 )  i s  p l o t t e d  a t  

t = 4 n  ( a f t e i  t x o  f u l l  p r o p a g a t i o n  p e r i o d s  o v e r  t h e  s p a t i a l  domain )  w i t h  

f ( x )  = exp(- ( : ; -n)  / 4 A x  ) s o  t h e  s o l u t i o n  i s  a G a u s s i a n  w i t h  w i d t h  2 A x ,  

where  Ax = 2JiG4 i s  t h e  e f f e c t i v e  g r i d  r e s o l u t i o n  w i t h  6 4  F o u r i e r  

modes. The r e s u l t s  p ? o t t e d  i n  F i g .  1 were  o b t a i n e d  u s i n g  a weak low- 

p a s s  f i l t z r  t o  p r e -  apd p o s t -  p r o c e s s  the r e s u l t s  [ see ( 2 2 )  b e l o w ]  . 

2 2 

I n  F i g .  2 ,  s i m i l a r  p l o t s  a r e  g i v e n  f o r  t r e  s o l u t i o n  t o  ( 1 )  when 

f ( x )  i s  a t o p - h a t  f u i l t t i o n .  Here a s t r o n g e r  p o s t - p r o c e s s i n g  [ see  (21)  

below3 was n e c e s s a r y  t o  Pernove l a r g e  o s c i l l a t i c n s ,  d u e  t o  t h e  C i b b s  

phenomenon, n e a r  t h e  d i s c o n t i n u i t i e s .  The p a r t i c u l a r  p o s t - p r o c e s s i n g  

d o e s  n o t  a p p e a r  t o  be t o o  i m p o r t a n t  f o r  t h i s  p rob lem;  we u s e d  a o n e - s i d e d  

a v e r a g e  i n  t h e  n e i g h b o r h o o d  o f  r a p i d  c h a n g e s  of t h e  s o l u t i o n .  The 

m o t i v a t i o n  f o r  t h i s  c h o i c e  i s  s i m i l a r  t o  t h a t  o f  t h e  FCT a l g o r i t h m  111. 

The r e s u l t s  p l o t t e d  i n  F i g s .  1 and 2 a r e  o b t a i n e d  u s i n g  6 4  F o u r i e r  

modes,  c o r r e s p o n d i n g  t o  64  c o l l o c a t i o n  p o i n t s .  

3 .  CO tlP RE: S S I B L E F L ON P ROB L E f4S 

I n  t h i s  Section, we s t u d y  t h e  a p p l i c a t i c n  o f  s p e c t r a l  me thods  

t o  o n e - d i m e n s i o n a l  c o m p r e s s i b l e  f l o w  p rob lems .  I n  Sec. 7 ,  we compare  

t h e  r e s u l t s  w i t h  t h o s e  o b t a i n e d  by  more c o v e n t i o n a l  f i n i t e - d i f f e r e n c e  

methods .  T h e  o n e - d i m e n s i o n a l  E u l e r i a n  e q u a t i o r i s  o f  mot ion  i n  a f i n i t e  

shock  t u b e  a r e ,  i n  c o n s e r v a t i o n  fo rm,  

+ T + - +  -t T w = ( P , r n , E )  , F(w) = u w + ( O , p , p u )  ( 3 )  
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where P i s  t h e  mass d e n s i t y ,  m i s  t h e  nonen:,un d e n s i t y ,  E i s  

i s  t h e  t o t a l  e n e r g y  d e n s i t . y ,  p i s  t h e  p r e s s u r e  and u = m/a i s  

t h e  v e l o c i t y .  

We assume  t h e  e q u a t i o n  o f  s t a t e  t o  be  

u s u a l l y ,  we t a k e  y = 1 . 4 ,  a s  i s  a p p r o p r i a t e  f o r  a d i a t o m i c  g a s .  

F o r  s i m p l e  s h o c k  t u b e  p r o b l e m s ,  t h a t  i n v o l v e  o n l y  c o n s t a n t  

s t a t e s  s e p a r a t e d  by s h o c k s  and c o n t a c t  d i s c o n t i n u i t i e s ,  t h e r e  i s  

no i m m e d i a t e  need  f o r  h i g h - o r d e r  a c c u r a t e  n u n e r i c a l  m e t h o d s .  However,  

f o r . m o r e . c o m p 1 i c a t e . d  f l o w  p r o b l e m s ,  e s p e c i a l l y  i n  h i g h e r  d i n i e n s i o n s ,  

where t h e r e  may be i n t e r a c t i n g  s h o c k s ,  r a r e f a c t i o n  waves ,  c o n t a c t  

d i s c o n t i n u i t i e s  a s  w e l l  a s  t h e  i n t e r a c t i o n  o f  shocks w i t h  b o u n d a r y  

l a y e r s  and i n t e r f a c e s ,  i t  i s  necessary t o  h a v e  b o t h  h i g h  a c c u r a c y  

i n  t h e  i n t e r i o r  of t h e  f l o w ,  i n  t h e  boundary  l a y e r s ,  n e a r  t h e  i n t e r -  

f a c e s ,  a s  w e l l  as good r e p r e s e n t a t i o n s  o f  d i s c o n t i n u i t i e s .  From 

t h i s  p o i n t  o f  v i ew i t  seems a p p r o p r i a t e  t o  use t h e  Chebyshev s p e c t r a l  

method s i n c e  i t  p r o v i d e s  b o t h  h i g h  i n t e r i o r  a c c u r a c y  and  v e r y  h i g h  

r c s o l u t i o n  i n  t h e  b o u n d a r y  1 :ye t '  r e Z i o n  [ 4 1 .  

We r e g a r d  t h e  c l a s s i c a l  s i m p l e  s h o c k  t u b e  F r o b l e n s  a s  e x t r e m e l y  

severe t e s t s  o f  s p e c t r a l  m e t h o d s .  After  a l l ,  s p e c t r a l  m e t h o d s  a r e  

f e s i g n e d  t o  g i v e  good r e s o l u t i o n  of c o n p l i c a t e d  floiq s t r u c t u r e s  

d i s t r i b u t e d  t h r o u g h  t h e  flow domain a n d ,  s i n c e  t h e y  a r e  b a s e d  on 

e x p a n s i o n s  i n  o r t h o g o n a l  f u n c t i o n s ,  i t  would seein t h a t  i s o l a t e d  

: o c a 1  jumps  a t  s h o c k s  and c c n t a a t  d i s c o r t i n u i t i e s  would be  m o s t  

i n h o s p i t a b l e  f o r  them. On t h e  o t h e r  h a n d ,  i t  would seem t h a t  low- 

o r d e r  f i n i t e - d i f f e r e n c e  m e t h o d s  would be  b e s t  f o r  t r e a t i n g  s h o c k  

d i s c o n t i n u i t i e s  b e c a u s e  o f  t h e i r  l o c a l i z e d  c h a r a c t e r .  O n e  o f  t h e  

. 

i m p o r t a n t  c o n c l u s i o n s  o f  t h i s  p a p e r  i s  t h a t  t h e  a c c u r a c y  ( o r  r a t h e r ,  



. 

t h e  r e s o l u t i o n )  a d v a n t a g e s  o f  s p e c t r a l  me thods  h o l d  up i n  t h e  

ne ighborh ,ood  o f  s h o c k  d i s c o n t i n u i t i e s ,  n o t  j u s t  i n  r e g i o n s  of  

smooth f l o w s  and boundary  l a y e r s .  

T h e r e  a r e  t h r e e  ways t o  a p p l y  C h e b y s h e v - s p e c t r a l  me thods  t o  

t h e s e  p r o b l e m s ,  namely ,  c o l l o c a t i o n ,  C a l e r k i n ,  and t a u  a p p r o x i m a t i o n s  

1 4 1 .  We c h o o s e  t o  use t h e  c o l l o c a t i o n  ( o r  p . ; e u d o s p e c t r a l )  t e c h n i q u e  

h e r e  f o r  two r e a s o n s .  F i r s t ,  c o l l o c a t i o n  i s  ;he e a s i e s t  and  most  

e f f i c i e n t  method t o  a p p l y  f o r  c o n p l i c a t e d  prcblerns.  A l s o ,  s i n c e  

c o l l o c a t i o n  i n v o l v e s  s o l v i n g  t h e  e q u a t i o n s  i n  p h y s i c a l  s p a c e  r a t h e r  

t h a n  i n  t r a n s f o r m  s p a c e  w i t h  t r a n s f o r m s  u s e a  o n l y  t o  e v a l u a t e  

d e r i v a t i v e s ,  boundary  c o n d i t i o n s  a r e  a l s o  e a s i e r  t o  a p p l y .  

Let  us g i v e  a b r i e f  d e s c r i p t i o n  o f  t h e  c o l l o c a t i o n  method.  A t  

e a c h  t i n e  s t e p ,  we e v a l u a t e  t h e  components  o f  F' i n  (2) a t  t h e  

p o i n t s  

+ + Next, t h e  Chcbyshcv  e x p a n s i o n  c o e f f i c i e n t s  a n  of  F a r e  f o u n d  f rom 

* N 

where  T,(x) i s  t h e  Chcbyshev  p o l y n o m i a l  of d e g r e e  n d e f i n e d  by 
-1 n i n  T,(x) = c o s ( n  c o s  X I .  S i n c e  T , ( x j )  = COST it f o l l o w s  t h a t  



-6- 

- - - 
where c = c N  = 2 ,  ~ n d  c = 1 f o r  O <  n <  N. D i f f e r e n t i a t i n g  (6) 

g i v e s  
. o  n 

where 

N 

cn p+n odd 

. 4  s = -  2 1  
n - p = n + l  

Eqs. ( 7 )  - (8) a r e  implemented  u s i n g  t h e  f a s t  F o u r i e r  t r a n s f o r m .  

I n  o r d e r  t o  a v o i d  h a v i n g  t o  pe r fo rm o r d e r  

( 9 )  we o b s e r v e  t h a t  sN = O , S ~ - ~ -  - 2NaN and s n ( n  5 11-21 s a t i s f i e s  

t h e  r e c u r r e n c e  r e l a t i o n  

N 2  o p e r a t i o n s  t o  e v a l u a t e  
-+ -+ -+ -+ 

- P +  -b 
c s = s  + 2 ( n + l )  d n+2 n + l  (n 5 N-2) .n n 

-* 
Using  ( l o ) ,  o n l y  O(N) o p e r a t i o n s  a r e  n e c e s s a r y  t o  o b t a i n  s f rom 

a T h u s ,  u s i n g  t h e  f a s t  F o u r i e r  t r a n s f o r m ,  e v a l u a t i o n  o f  a F / 3 x  

f rom F r e q u i r e s  o n l y  o r d e r  N l o g  N o p e r a t i o n s .  

n 
-). -P 

no 
3 

It s h o u l d  be  n o t e d  t h a t  t h e  c o l l o c a t i o n  p o i n t s  x a r e  crowded j 
a r e  i n  t h e  n e i g h b o r h o o d  o f  x = 1 and x = -1. [ x1 and ' N - 1  

l o c a t e d  a t  d i s t a n c e s  o f  r2 /2N2 f rom x .= 1 , - I  * r e s p e c t i v e l y ] .  Fo r  

N = 1 2 8 ,  

h i g h  boundary  r e s o l u t i o n  c a n  be  of  g r e a t  v a l u e  when boundary  l a y e r s  o r  

i n t e r f a c e s  a r e  a l s o  p r e s e n t ,  b u t  i s  w a s t e f u l  f o r  t h e  s i m p l e  t e s t  

p r o b l e m s  o f  t h e  p r e s e n t  p a p e r .  

t h e r e  a r e  40 p o i n t s  l o c a t e d  i n  t h e  i n t e r v a l  O.g< I x 1 <, 1 .  T h i s  

Nex t ,  we d e s c r i b e  some tir:ie m a r c h i n t  t e c h n i q u e s .  L e t  u s  d e n o t e  

xj and time 
+ 

t h e  d i s c r e t e  a p p r o x i m a t i o n  f o r  w a t  c o l l o c a t i o n  p o i n t  

s t e p  n A t  by wj t h e  d i s c r e t e  a p p r o x i m a t i o n  f o r  F' by I?; . +n 

Then we a d v a n c e  i n  time u s i n g  t h e  t w o - s t e p  ( m o d i f i e d  E u l e r )  method 
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. 

T h i s  scheme r e s u l t s  i n  a l i n e a r  s t a b i l i t y  c o n d i t i o n  o f  t h c  form 

where c i s  t h e  sound s p e e d ,  T h i s  c o n d i t i o n  i s  v e r y  s e v e r e ; i n d c e d ,  

u s i n g  f i n i t e  d i f f e r z n c e  rr.ethods w i t ! i  N p o i n t s  l e a d s  t o  s t a b i l i t y  

r e s t r i c t i o n s  l i k e  A t  = 0 ( 1 / N ) .  An a l t e r n a t i v e  a p p r o a c h  i s  g i v e n  i n  

[SI and  1121 t h a t  a v o i d s  t h e  l a t t e r  d i f f i c u l t y .  The al?Prnach dcscr ihci  

in [SI y i e l d s  a n  u n c o n d i t i o n a l l y  e x p l i c i t  s t a b l e  scheme w h e r e a s  t h a t  

described i n  [121 i n v o l v e s  a v e r y  e f f i c i e n t  i m p l i c i t  t e c h n i q u e .  

I n  this p a p e r ,  h o w e v e r ,  we p r e s e n t  r e s u l t s  g o t t e n  by  u s i n g  (11) 

A p p l i c a t i o n  of t h e  o t h e r  t i m e  m a r c h i n g  t e c h n i q u e s  w i l l  be g i v e n  ( 1 2 ) .  

' e l s e w h e r e .  

4 .  CONSERVATION PROPERTIES OF PSEUDOSPECTRAL PIETHODS 

I n  t h i s  S e c t i o n  we d i s c u s s  t h e  c o n s e r v a t i o n  p r o p e r t i e s  o f  pseudo-  

s p e c t r a l  methods  a p p l i e d  t o  a n o n l i n e a r  ' sys tem of  e q u a t i o n s .  C o n s i d e r  . t h e  

It  is w e l l  known t h a t , i n - g e n e r a l ,  no smooth s o l u t i o n  can  e x i s t  f o r  a l l  

t i m e .  I n s t e a d  one seeks  a weak s o l u t i o n  d e f i n e d  by t h e  r e q u i r e m e n t  t h a t  

t h e  i n t e g r a l  r e l a t i o n  
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be s a t i s f i e d  f o r  a l l  smooth t e s t  v e c t o r s  $ which v a n i s h  b o t h  f o r  l a r g e  

t and on t h e  boundary  o f  t h e  domain. 

I t  can  be shown t h a t  a s  a r e s u l t  o f  t h e  i n t e g r a l  r e l a t i o n  ( 1 4 )  

t h e  weak s o l u t i o n  must  s a t i s f y  t h e  Rankine-l!ugoniot shock  c o n d i t i o n s .  

Assume now t h a t  (111) i s  s p a t i a l l y  d i s c r e t i z e d  b y  the  p s e u d o s p e c t r a l  

F o u r i e r  method (see 1 4 3 ) .  By t h i s  we mean t h a t  r . r N ( x , t )  i s  

d e f i n e d  a s  t h e  t r i g o n o m e t r i c  in5erpolanl of w ( x , t )  a t  t h e  p o i n t s  

X - -5( j = 0 ,  ... , 2N) ,F t l (x , t )  is defiqed as t h e  interpolant of F 

a t  x 

3 

-c 

-b 3 

- N+1 
and one  s o l v e s  t h e  2N + 1 v e c t o r  e q u a t i o n s  

j’ 

__I a GN ( x , t )  = a*N ( x j , t )  (j = 0, ..., 2N) 
a t  ( 1 6 )  

T h i s  d i s c r e t i z a t i o n  s h o u l d  be used  o n l y  i f  t h e  boundary  c o n d i t i o n s  o f  

( 1 4 )  a r e  p e r i o d i c  w i t h  p e r i o d  2rr. 

F o l l o w i n g  Lax and Wendroff  [81 w e  can  p r o v e  

+ Theorem I :  Assume t h a t  a s  N-, wN c o n v e r g e s  bounded ly  t o  Some v e c t o r  

w. Then . W ’ ( x , t )  is a weak s o l u t i o n  o f  ( 1 4 )  w i t h  i n i t i a l  v a l u e  $. + 

4 

Let $ < x , t )  be a p e r i o d i c  t e s t  f u n c t i o n  and  l e t  ? ( x , t )  N 
P r o o f :  

be t h e  i n t e r p o l a n t  of i$ a t  

,# a t  t h e  same p o i n t s .  

-P x = x j . ,  Let  $ , ( X I  be t h e  i n t e r p o l a n t  o f  

.. M u l t i p l y i n g  ( 1 5 )  by $ ( x . )  and summing one  g e t s  
N J  

Ne i n t e r p r e t  now t h e  sums on b o t h  s i d e s  o f  t h i s  r e su l t  i n  terms o f  t h e  

t r a p e z o i d a l  i n t e g r a t i o n  r u l e .  S i n c e  JI w at.d Q F a r e  t r i g o n o m e t r i c  

p o l y n o m i a l s  o f  d e g r e e  211, t h e  t r a p e z o i d a l  r u l e  i s  e x a c t  ( s e e  [ 2 1 ) .  There -  

f o r e ,  we o b t a i n  

N N  N N  
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. 

We i n t e g r a t e  now w i t h r e s p e c t  t o  t t o  g e t  -> 

I n t e g r a t i n g  t h e  l e f t  hand s i d e  by p a r t s  and t a k i n g  i n t o  a c c o u n t  t h a t  

t -* we o b t a i n  

o r  

1 , e t t i n g  N + w  comple t e s  t h e  proof  o f  t h e  Theorem. 

Theorem 1 e s t a b l i s h e s  t he  f a c t  t h a t  t h e  psendOS?eCtral  

F o u r i e r  method a p p l i e d  t o  problcns w i t h  shocks  yields t h e  c o r r e c t  shock 

speed .  The f o l l o w i n g  argument 171 asserts t h a t  t h i s  method c a n  

a c h i e v e  r e s o l u t i o n  of shock d i s c o n t i n u i t i c s  o v e r  1 

If t h e  numer i ca l  apprcx ima t ion  u t o  an e x a c t  shock s o l u t i o n  u 

o v e r  t h e  i n t e r v a l  0 x c 2 n  is smeared o v e r  a d i s t a n c e  h n e a r  a st:ock 

of s t r e n g t h  U t h e n  

e f f e c t i v e  g r i d  i n t e r v a l .  

aP e x  

2n 

1 
where the c o n s t a n t  7 o b t a i n s  i f  t h e  e r r o r  

1 f rom 0 t o  U o v e r  P d i s t a n c e  2 h. On t h e  o t h e r  hand ,  i t  is ,  i n  

p r i n c i p l e ,  p o s s i b l e  t h a t  t h e  f i r s t  N F o u r i e r  c o e f f i c i e n t s  of uap 

i n  a n  

Uex - uap v a r i e s  l i n e a r l y  

- 
N term F o u r i e r  s p e c t r a l  c a l c u l a t i o n  a g r e e  c l o s e l y  w i t h  t h o s e  
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, 

of uex. S i n c e  t h e  n t h  F o u r i e r  c o e f f i c i e n t  a,, o f  a stiock s o l u t i o n  

on [0,2n] b e h a v e s  a s y m p t o t i c a l l y  a s  U/2nn a s  n -? i t  f o l l o w s  

t h a t  

T h e r e f o r e ,  

Since t h e  e f f e c t i v e  g r i d  s e p a r a t i o n  A i s  2n/Nl i t  f o l l o w s  t h a t ,  

o p t i m a l l y ,  

or b e t t e r  t h a n  1 g r i d  i n t e r v a l  r e s o l u t i o n ,  

It is i n t e r e s t i n g  t o  n o t e  t h a t  ( 1 6 )  i m p l i e s  t h a t  t h e  component 
-? 

of VIN a r e  c o n s e r v e d .  I n  fact , 'summing up b o t h  s i d e s  o f  ( 1 6 )  one  gct,s 

By t h e  same argiiment a s  b e f o r e  one c a n  r e p l a c e  t h e  s u m s  by i n t e g r a l s  t o  g e t  

There fo re  
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F o r  c o m p r e s s i b l e  f low p rob lems ,  t h i s  shows t h a t  t h e  mass,  momentum, and 

e n e r g y  a r e  c o n s e r v e d .  

We would l i k e  naw t o  d e m o n s t r a t e  t h a t  t h e  same 

c o n s e r v a t i o n  p r o p e r t i e s  t h a t  were e s t a b l i s h e d  for t h e  p s e u d o s p e c t r a l  

F o u r i e r  methcd  h o l d  a l s o  f o r  t h e  p s e u d o s p e c t r a l  Chcbyshev method.  I n  

a n a l o g y  t o  Theorem i we c a n  p r o v e  : 

+ 
Theorem 2:  L e t  w N  and pN b e  t h e  p s e u d o s p e c t r a l  Chebyshcv  a p p r o x i m a t i o n  

d e s c r i b e d  i n  ( 5 )  - ( 1 0 )  t o  e q u a t i o n  ( 1 4 ) .  Then i f  w N  c o n v e r g e s  t o  

w and rC, i s  a smooth  t e s t  f u n c t i o n  s u c h  t h a t  p ( - l , t )  = $ ( l , t )  = 0 

$ ( x , - )  = . O  t h e n  G ( x , t )  i s  a weak s o l u t i o n  of ( 1 4 ) .  

-f 

+ + + + 

4 

Proof: It is shown i n  ( 4 ,  p .  151 t h a t  GN s a t i s f i e s  e x a c t l y  t h e  e q u a t i o n  

where  uN-l i s  t h e  Chebyshev polynomia l  o f  t h e  second k i n d  so t h a t  

. uN,l(X,)=o for j = l # - * * , N - - l  and p(X)  i s  s. polynomial ~f degree 

1 t h a t  c o r r e s p o n d s  t o  t h e  boundary  c o n d i t i o n .  Hore p r e c i s e l y ,  

p ( x )  = 1-x when t h e  boundary  d a t a  i s  p r e s c r i b e d  a t  x =-1 and  P(x1 i: l + x  

\$hen t h e  boundary  d a t a  i s  p r e s c r i b e d  a t  x = -1-1. Suppose  $N-js t h e  
. \* * 

= cos fc-$ (j = 0;. , , , ~ - 3 )  'j 
i n t e r p o l a n t  o f  -tF v/ 1 - x  a t  the p o i n t s  

then 
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;I - 2 

' a t  t h e  r i g h t  hand s i d e  of  ( 1 9 )  vani shes .  

The r e s t  o f  t h e  p roof  i s  s i m i l a r  t o  t h e  p roof  o f  Theorem 1 .  D e f i n i n g  

3 7 -? 
PN = J1-x w N-3 

and i n t e g r a t i n g  we o b t a i n  

3 -+ 
S i n c e  qN + $ u n i f o r m l y  and t h e  d e r i v a t i v e s  o f  

d e r i v a t i v e s  o f  Q rand  s i n c e  w N +  w , t h e  p r o o f  i s  c o m p l e t e d .  

p~ c o n v e r g e  s i m i l a r l y  t o  t h e  . 
3 3 3 

3 

We a r e  a l s o  a b l e  t o  show t h a t  t h e  comnponentsof w are c o n s e r v e d .  

In fact s i n c e  

for a l l  i n t e r i o r  p o i n t s  x one  can  u s e  t h e  C l e n s h a w - C u r t i s s  

q u a d r a t u r e  f o r m u l a  !2] t o  g e t  
j' 

where 

P 
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T h e r e f o r e  ( 1 9 )  g i v e s  

-+ where 0 r e p r e s e n t s  t h e  c o n t r i b u t i o n  from t h e  b o u n d a r i e s .  I n  t h e  c a s e  
-+ -+ 

of homogeneous boundary conditions where wN and agN/3Xf o = C) 
_. _ &  

so that both vanish at the boundaries. 

deraor, s t r a  t i ng c o n s e r v  B t i  on, 

5. BOUND A RY C 5 iJ D I T I ON S 

Boundary c o n d i t i o n s  p l a y  a c r u c i a l  r o l c  i n  t h e  a p p l i c a t i o n  o f  s p e c t r a l  

methods.  

t o  finite diffcrence methods in which instabilities due to boundaries usually 

a p p e a r  a s  r e l a t i v e l y  weak o s c i l l a t i o n s .  On the o t h e r  h a n d ,  as O??oSec! 

t o  h i g h - o r d e r  f i n i t e - d i f f e r e n c e  methods,  s p e c t r a l  methods n o r m a l l y  d o  n o t  

r e q u i r e  n u m e r i c a l  boundary c o n d i t i o n s  i n  a d d i t i o n  t o  t h e  p h y s i c a l  

boundary  c o n d i t i o n s  r e q u i r e d  by  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  

I n c o r r e c t  bcundary t r e a t m e n t  may g i ? e  s t r o n g  i n s t a b i l i l ; i c s , i n c o n t r a s t  

F o r  s h o c k  t u b e  p rob lems ,  we must s p e c i f y  a l l  t h e  f l o w  v a r i a b l e s  

a t  s u p e r s o n i c  i n f l o w  p o i n t s ,  tkro flow v a r i a b l e s  a t  s u b s o n i c  i n f l o w  

p o i n t s ,  and one f l o w  v a r i a b l e  a t  s u b s o n i c  o u t f l o w  p o i n t s .  If we o v e r -  

s p e c i f y  o r  u n d e r s p e c i f y  t h e  boundary c o n d i t i o n s ,  s m c t r a l  calculations 

are usually sncctacularly unstable. 

A t  s u b s o n i c  outF1or.r p o i n t s ,  i t  i s  n o t  s a t i s f a c t o r y  t o  s p e c i f y  

a r b i t r a r i l y  any one o f  t h e  f l o w  v a r i a b l e s  m , p , u  o r  E .  With a r b i t r a r y  

o u t f l o w  boundary c o n d i t i o n s ,  one can  o b t a i n  o s c i l l a t i o n s  t h a t  o r i g i n a t e  
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a t  t h e  boundary .  The o u t f l o w  boundary c o n d i t i o n s  used  h e r e  were o b t a i n e d  

f o l l o w i n g  t h e  a n a l y s i s  g i v e n  i n  133 . Ue a d v a n c e  one  time s t e p  r . : i thout 

impos ing  t h e  boundary  c o n d i t i o n s  'and d e n o t e  t h e  c a l c u l a t e ' d  q u a n t i t i e s  by 

w \le o b s e r v e  t h a t  if' x = +1 i s  a s u b s o n i c  o u t f l o w  p o i n t ,  t h e  incoming  
* +  

C' 

. c h a r a c t e r i s t i c  q u a n t i t y  a t  x = +1 i s  

v 1  = p - ( p c )  c 

w h e r e a s  t h e  o u t g o i n g  c h a r a c t e r i s t i c  q u a n t i t i e s  a r e  

2 
v 2  = p+ ( P c )  u ,  v 3  = p-c P. 

Let us assume t h a t  one f l o w  v a r i a b l e  i s  g i v e n  on t h e  i n f l o w  c h a r a c t e r -  

i s t i c  a t  x = + l .  TLen we s o l v e  t h e  system 

f o r  t h e  two r e m a i n i n g  f l o w  v a r i a b l e s  a t  x = 1 .  T h i s  p r o c e d u r e  y i e l d s  

a s t a b l e  scheme w i t h  no o s c i l l a t i o n s  e m a n a t i n g  from t h e  b o u n d a r i e s .  In 

c o n t r a s t  t o  i n f l o w - o u t f l o w  b o u n d a r i e s  whose t r e a t m e n t  i s  q u i t e  s y s t e m a t i c  

by t h e  above  p r o c e d u r e ,  m a t e r i a l  b o u n d a r i e s  e v i d e n t l y  do r e q u i r e  boundhry  

c o n d i t i o n s  i n  a d d . i t i o n  t o  t h o s e  r e q u i r e d  by t h e  m a t h e m a t i c a l  t h e o r y  o f  

c h a r a c t e r i s t i c  ' i n i t i a l  v a l u e  p rob lems .  

l i k e  m a t e r i a l  b o u n d a r i e s ,  t h e  s p e c i f i c a t i o n  of o n e  f l o w  v a r i a b l e ,  l i k e  

u = 0 ,  .should s u f f i c e .  

t h i s  b o u n d a r y  c o n d i t i o n  a t  o n l v  o n e  c h a r a c t e r i s t i c  hr>unda. '~v h17 o n e  

a d d i t i o n a l  c o n d i t i o n ,  l i k e  p g i v e n .  An a n a l y s i s  o f  t h e s e  boundary  

c o n d i t i o n s  w i l l  b e  Friven e l s e v h e r e .  

A t  c h a r a c t e r i s t i c  s u r f a c e s ,  

However, we f inc?  t h a t  it is  n e c e s s a r y  to su.p.?lement 
I 

* 
L 
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6. SMOOT H I N C AND F I LT E R I f!G 

. 

The a p p r o x i m a t i o n  o f  d i s c o n t i n u o u s  f u n c t i o n s  b y  t r u n c a t e d  

Chebyshev p o l y n o m i a l  e x p a n s i o n s  e x h i b i t s  t h e  C i b b s  plienomotlon n e a r  j u m p s  

and h a s  two p o i n t  o s c i l l a t i o n s  o v e r  t h e  whole r c g i o n  [ q ?  . 
o s c i l l a t i o n s  a r e  o b s e r v e d  when a p p r o x i m a t i n g  s!;ock waves i n  i n v i s c i d  

flows. These  o s c i l l a t i o n s  m ~ y  i n d u c e  i n s t a b i l i t i e s  i n  n o n l i n e a r  p rob lems  

s ince  t h e y  can  i n t e r a c t  w i t h  “>::e sinooth p a r t  o f  t;hc s o l u t i o n  and be  

a m p l i f i c d .  I t  i s  e s s e n t i a l  f o r  s t a b i l i t y  r e a s o n s  e i t h e r  t o  c l i n i n s t e  

c o m p l e t e l y  t h e s e  o s c i l l a t i o n s  o r  t o  c o n t r o l  them i n  s u c h  a way t h a t  

s t a b i l i t y  i s  n o t  a f f e c t e d .  

S i m i l a r  

S e v c r a l  methods t o  a c h i e v e  s t a b l e  c o m p u t a t i o n s  h a v e  been inVes t i .~ ja ted  

i n c l u d i n g  a r t i f i c i a l  v i s c o s i t y ,  Shuman f i l t e r i n g ,  and a new s p e c t r a l  

f i l t e r i n g  method t o  be  d e s c r i b e d  below. \re w i l l  r e p o r t  r e s u l t s  

o b t a i n e d  by t h e  l a t t e r  two methods.  

Shunian f i l t e r i n g  i n v o l v e s  a p p l y i n g  t h e  f i l t e r  

G?-= w” + 8.  1 ( W ; + ~ - W ~ )  + e . i  ( r P - 2  1 .  (22) 
3 j 1+2 3 j--z j j-1 

The i d e a  i s  t o  c h o o s e  smoo th ing  f a c t o r s  8 t h z t  v a n i s h  i n  smooth 

p a r t s  o f  t h e  s o l u t i o n  and Dzcome l a r g e  o n l y  i r ,  t h e  ne ighborhood  o f  

d i s c o n t i n u i t i e s .  F o l l o w i n g  Har t cn  and Tal-Czar 161 - we choose. 

j 

where 0 < ~ < 1  i s  a s u i t a b l e  c o n s t a n t ,  T y p i c a l l y  0 = 0.01 i n  

o u r  c a l c u l a t i o n s .  

A more i n t r i g u i n g  k i n d  of f i l t e r i n g  is b a s e d  on t h e  f o l l o w i n g  

i d e a .  If a low-pass  s p e c t r a l  f i l t e r  j u s t  s t r o n g  enough t o  remove 

t h o s e  h i g h  f r e q u e n c y  waves t h a t  l e a d  t o  n u m e r i c a l  i n s t a b i l i t i e s  i s  

a p p l i e d  t o  t h e  i n v i s c i d  c o m p r e s s i b l e  f l o w  e q u a t i o n s ,  t h e  s p e c t r a l  
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e q u a t i o n s  will g i v e  bad o s c i l l a t i o n s  n e a r  s h o c k  f r o n t s  and o t h e r  

d i s c o n t i n u i t i e s .  However, a s  r e c e n t l y  p o i n t e d  o u t  by Lax 173, 

t h e s e  o s c i l l a t o r y  s o l u t i o n s  o b t a i n e d  by a h i g h - o r d e r  method l i k e  

a s p e c t r a l  method s h o u l d  c o n t a i n  enough i n f o r c i a t i o n  t o  be a b l e  t o  

r e c o n s t r u c t  t h e  p r o p e r  n o n o s c i l l a t o r y  d i s c o n t i n u o u s  s o l u t i o n  by a 

p o s t - p r o c e s s i n g  f i l t e r .  The i d e a  i s  t h a t  v e r y  weak f i l t e r i n g  

o r  damping t o  s t a b i l i z e  t o g e t h e r  w i t h  a f i n a l  ' c o s m e t i c '  f i l t e r  t o  

p r e s e n t  t h e  r e s u l t s  s h o u l d  be a b l e  t o  g i v e  g r e a t  improvemen t s  i n  

r e s o l u t i o n .  
. *  

I n  p r a c t i c e ,  we u s e  a low-pass  f i l t e r  f o r  s t a b i l i z i n g  p u r p o s e s  

t h a t  i s  o f  t h e  form 

where k i s  a s p e c t r a l  (wavenumber) i n d e x ,  ko 

d e p e n d s  on t h e  s t r e n g t h  o f  t h e  shock and 

1.  F o r  t y p i c a l  f l u i d  dynamica l  s h o c k s ,  we c h o o s e  ko -: N where  'N 

is t h e  maximurii wavenumber i n  thc! s p e c t r a l  r e p r e s c n t i o n  o f  t h e  f l o w .  

We h a v e  found  t h a t ,  f o r  m0derr.t.e s h o c k s ,  t h e  r e s u l t s  a r e  i n s e n s i t i v e  

t o  t h e  d e t a i l e d  form o f  (24). flowever, i t  i s  i m p o r t a n t  t h a t  f ( k )  

! be  low-pass  s o  f ( k )  = 1 f o r  k < k o  , i n  o r d e r  t h a t  l a r g e - s c a l e s  

a is a c o n s t s n t  of  o r d e r  

be t r e a t e d  vcry a c c u r a t e l y  ( w i t h o u t  phase  e r r o r )  b y  the s p e c t r a l  

method. 

F i n a l l y ,  we e x p l a i n  how t o  p o s t - p r o c e s s  t h e  n u m e r i c a l  r e s u l t s  

t o  r e t r i e v e  smoothed r e s u l t s  w i t h  l o c a l i z e d  d i s c o n t i n u i t i e s  f rom t h e  

n o i s y ,  b u t  s t a b l e ,  c a l c u l a t i o n s .  O u r  method i s  t o  f i r s t  d e t e r m i n e  

t h e  l o c a t i o n  o f  t h e  d i s c o n t i n u i t i e s  i n  t h e  f low and t h e n  t o  a p p l y  a 

Shuman f i l t e r  t o  sniooth t h e  d a t a  on e i t h e r  s i d e  o f  t h e  d i s c o n t i n u i t i e s  . 

( w i t h o u t  u s i n g  d a t a  from t h e  o p p o s i t e  s i d e  o f  t h e  d i s c o n t i n u i t y  i n  t h e  

smoo th ing  p r o c e s s ) .  

a p p a r e n t  a b i l i t y  o f  t h e  s p e c t r a l  r e s u l t s  t o  p r e s e r v e  i n f o r m a t i o n  on 

The key t o  t h e  success  o f  t h i s  p r o c e d u r e  is t h e  
' 
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t h e  p r e c i s e  l o c a t i o n  of  d i s c o n t i n u i t i e s .  ' S i m i l a r  p o s t - n r o c e s s i n g  

methods do n o t  ;iork SO well on f i n i t e - d i f f e r e n c e  r e s u l t s  

b e c a u s e ,  i n  s u c h  c a l c u l a t i o n s ,  t h e  shock  position d o e s  n o t  seem t o  b e  

l o c a l i z e d  v i t h  one g r i d  i n t e r v a l .  

The l o c a t i o n  o f  d i s c o n t i n u i t i e s  i s  found by an e x a m i n a t i o n  of  

t h e  s p e c t r a l  c o e f f i c i e n t s .  One may assume t h a t  t h e  smooth p a r t  o f  t h e  

s o l u t i o n  i s  ve l1  r e p r e s e n t e d  by t h e  f i r s t  few c o e f f i c i e n t s ,  w h i l e  t h e  

l e a d i n g  b e h a v i o r  o f  t h e  h i c h - o r d e r  c o e f f i c i e n t s  i s  g e n e r a t e d  by t h e  

d i s c o n t i n u i t i e s .  As z r u l e  of  t h u m b ,  we exar , ine  t h e  m i d d l e  t h i r d  o f  

t h e  c o e f f i c i e n t s ,  s i n c e  t h e  h i g h e s t  t h i r d  may  be u n r e l i a b l e  due  t o  t h e  

s t a b i l i z i n g  smoo th ing .  

T?.e e x p a n s i o n  C o e f f i c i e n t s  ak shoul.? b e  f i t  by an e x ? r e s s i o n  

of the forn: 

S (25) 

where s i s  t h e  number o f - s h o c k s ,  Ak ( X I  i s  t h e  s p e c t r a l  c o e f f i c i e n t  o f  

a H e a v i s i d e  f u n c t i o n  w i t h  a jump a t X  and B,, Xs iixe t?le i n t e n s i t i c s  

arid locatior.s, r e s p e c t i v e l y ,  of t h e  v a r i o u s  s h o c k s .  

I n  our c a s e  

v e r i f i e d  t h a t  

Ak (X) 

.AN (XI 

(Chebyshev c o l l o c a t i o n )  i t  nay be r e a d i l y  

sin & ( ~ + 1 / 2 )  N 
(C<k<N) 1 

N s i n  - k:i 
2N 

- 
(26) 

L+1/2 
N 

- I. s i n  (L + 2N 

w i t h  L an i n t e g e r  r e l a t e d  t o  X b y :  

(L+l)n < x < cos 
N cos -- N (27 
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- T h e  s o l u t i o n  of (25 )  f o r  Bs, Xs ? roceeds  as follows: F i r s t  

we revrite ( 2 5 )  in t h e  form: 

Now r emark  t h a t  a s e q u e n c e  

bk = s i n  ku 

. S a t i s f i e s  t h e  i d e n t i t y :  

u %-I ' b k + l '  'ef - (Qb)k  = cos W bk 
- 2  - 

T h e r e f o r e ,  t h e  v a l u e s  ~ J J  a r e  s i m p l y  r e l a t e d  t o  t h e  e i g e n v a l u e s  of t h e  

summation o p e r a t o r  0 . They may be  computed i n d e p e n d e n t l y  o f  Bs ; 

the j ump  m a g n i t u d e s  a r e  found a f t e r  t h e  ws 

s q u a r e s  nxoceclure. 

S 

c e  d e t e r T i n e d ,  hv a l e a s t  

We a p p l i e d  t h i s  a l g o r i t h m  t o  t h e  t e s t  c a s e  o f  s e v e r a l  H e a v i s i d e  

Shock  l o c a t i o n s  f u n c t i o n s  added  t o  a smooth background ,  . s u c h  a s  

a r e  r e c o v e r e d  e x a c t l y  They a r e  a s s i g n e d  t o  tk.e n e a r e s t  f f m i d p o i n t f f  

by (27) .  V i t h  N = 5 4 ,  the predicted s h o c k  intensities are correct 

v i t h i n  a few p e r c e n t ,  for as  many as 7 shocks .  '!oreover, when yore 

shocks  are  s m g h t  t h a n  are a c t u a l l y  p r e s e n t ,  some w become imag ina ry ,  

which s e r v e s  a s  ii u s c f u l  check.  

ex.  

S 

. . .  - . . . . . . . . .- - 
When a c t u a l -  c o ? i p u t a t i o n a l  data arc: i n p u t  t o  the "shocl: l o c a t o r "  

program dcscrilJ,ed above, s e v e r a l  jumps m y  he i d e n t i f i e d  (of c o u r s e ,  

with the nwber of shocks n o t  s p e c i f i e d  b e f o r e h a n d ) .  

proceed  i n  d i f f e r c n t  ways: 

cn~_ msy +_h.en 
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a )  Smooth between t h e  shock  l o c a t i o n s ,  u s i n g  one  s i d e d  s c o o t h i n g  

a t  t h e  s h o c k s .  

b) S u b t r a c t  t h e  sum o f  H e a v i s i d e  f u n c t i o n s  and smooth t h e  

r e s u l t  i n  p h y s i c a l  s p a c e  ( e . g . ,  u s i n g  a Shuman f i l t e r )  

c )  S u b t r a c t  t h e  c o e f f i c i e n t s  o f  t h e  H e a v i s i d e  f u n c t i o n s  f o u n d ,  

and smooth i n  t h e  c o e f f i c i e n t  s p a c e  ( e . g . ,  by d e l e t i n g  h i g h  

o r d e r  c o e f f i c i e n t s ) .  

O f  t h e s e ,  method ( a )  seems t h e  most r o b u s t  a s  i t  n e e d s  no v a l u e s  f o r  

t h e  a c t u a l  s h o c k  i n t e n s i t i e s .  I n  computer  e x p e r i e n t s ,  a l l  t h r e e  me thods  

p e r f o r m  comparab ly .  

T h e r e  a r e  many f i n e  a d j u s t m e n t s  t h a t  have  t o  b e  made on t h e  gen?r-al  

a l g o r i t h m  t o  o b t a i n  t h e  b e s t  r e s u l t s .  On m i l d l y  o s c i l l a t i n g  d a t a ,  on5 may 

o b t a i n  s p u r i o u s  s h o c k s  d u e  t o  lc7rg:e d i f f e r e n c e s  f rom ' p o i n t  t o  p o i n t ' i  

some t imes ,  s i n c e  s e v e r a l  such o s c i l l a t i o n s  a r e  i n t e r p r e t e d  a s  s h o c k s  

t h e  a l g o r i t h m s  errs si!nply because s is too large. IJc are i n v e s t i g a t i n g  

some ways of a v o i d i n g  s p u r i o u s  s h o c k s ,  name ly ,  i m p o s i n g  a n e n t r o p y  

c o n d i t i o n ,  i g n o r i n g  s h o c k s  o f  low i n t e n s i t y ,  w e i g h t i n g  t h e  c o e f f i c i e n t s  

o r  d a t a ,  and i t e r a t i n g  t h e  smoothing p r o c c d u r c .  T h e r e  i s  n o t  y e t  an 

a p p r o a c h  wh ich  w i l l  s o l v e  a l l  h a r d  p r o b l e m s ,  a l t h o u g h  r e a s o n a b l y  good 

r e s u l t s  a r e  n o t  h a r d  t o  o b t a i n ,  

7. NU MER IC A L RES U LTS 

The f i r s t  model problem i s  a .shock t u b e  p rob lem w i t h  a d i a t o a i c  

gas (y = 1 . 4 )  s a t i s f y i n g  s u p e r s o 3 i c  i n f l o w  a t  x = -1 and s u b s o n i c  o u t f l o s :  

a t  x = + l .  T h e  i n i t i a l  c o n d i t i o n s  a r e  D. 
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w h i l e  t h e  c o n d i t i o n s  a p p l i e d  a t  t h e  i n f l o w  p o i n t  x = -1 a r e  

- 
p = p2' P = r ( C , p 1 l I  u = u(S,plIplI~l) ( 2 9 )  

where 

and ( =  P 2 / P l i s  t h e . s t r e n g t h  of  r e s u l t i n g  shock.  w i t h  t h e s e  i n i t i a l  

2 n d  boundary c o n d i t i o n s ,  a pu re  shock p r o p a g a t e s  from x = -1 toward 

x = +1 a t  a speed  
. .  

vs = u1 + / - -  
7pl 

I n  F ig .  3 ,  we p l o t  t h e  d e n s i t y  s t r u c t u r e  o f  t h e  r e s u l t i n g  shock 

wave a t  t = 0.1 de te rmined  by t h e  C h e b y s h e v ' s p e c t r a l  method w i t h  

N z 64 po lynomia l s ,  5 = 5 i n  ( 2 8 )  - (311, and P1 = pl= u l =  1. 

The e x a c t  p r e s s u r e  jump a c r o s s  t h i s  shock wave i s  5 and t h e  d e n s i t y  

jump i s  2.81818. T h e  shock speed  i s  3.48997. I n  t h e s e  c a l c u l a t i o n s  

t h e  low-pass  f i l t e r  (211) i s  a p p l i e d  eve ry  t i n e  s t e p  and t h e  f i n a l  

r e s u l t s  a r e  c o s m e t i c a l l y  f i l t e r e d  by a one-s ided  Shunan f i l t e r  ( 2 2 )  

wi th  c o n s t a n t  9 re?laced bv .oiie-s.idec? smooth ing  a t  shocks.  X l s o ,  

w e  ? lo t  i n  Fig. 3 t h e  r e s u l t s  o b t a i n e d  u s i n g  a loca l i ze??  S!iumiln f i l t e r  

( 2 2 )  w i t h  ( 2 3 )  a t  e v e r y  t i m e  s tep.  The l a t t e r  r e s u l t  i s  similar t c  

r e s u l t s  o b t a i n e d  u s i n g  a von Ne\imnnn-Richtmyer X t i f  i c i a l  v i s c o s i t v .  

Observe t h a t  t h e  c o s m e t i c a l l y  f i1ter"od results y i e l r !  a one-,point shock  

w h i l e  t h e  l o c a l i z e d  Shuqan fi1te.r y i e l d s  a t h r e e - p o i n t  shock .  S i m i l a r  

. .  
j'. 

._ .. 

-. 

' r e s u l t s  are o b t a i n e d  a p p l v i n g  t h e  l o c a l i z e d  Shuman f i l t e r  o n l v  every 

IOf) steps or so. 
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I n  F i g .  'I, we g i v e  a s i m i l a r  p l o t  o f  t h e  d e n s i t y  a c r o s s  a 

s t r o n g  shock  w i t h  6 = l o 4  - a t  t = 0.005. Here t h e  d e n s i t y  jump 

is 5.9965. The resul ts  p l o t e d  i n  F i g s .  3 , 4  d e m o n s t r a t e  t h a t  

our methods a c h i e v e  h i g h  r e s o l u t i o n  s h o c k s  w i t h o u t  s i g n i f i c a n t  

o s c i l l a t i o n s .  

The second  model problem i s  a shock t u b e  problem w i t h  

x = 21 a s  m a t e r i a l  b o u n d a r i e s .  The i n i t i a l  c o n d i t i o n s  a t  t = 0 

are : 

1.0 ' x < 0 

0 . 5 5  x = 0 

0.1 x > o  

P =  

x < o  

0.5625 x = 0 
0.125 x > 0 

P =  

u = o  

w h i l e  t h e  boutldary c o n d i t i o n s  a r e  

u = o  x 2 1  

p =  1 x = - 1  

( 3 2 )  

( 3 3 )  

For modera t e  t ,  t h e  s o l u t i o n  t o  t h i s  problem c o n s i s t s  o f  o n e  s h o c k ,  

one  c o n t a c t  d i s c o n t i n u i t y  and a r a r e f a c t i o n  wave. 

A v a r i c t y  o f  d l f f e r e n c e  methods f o r  s o l u t i o n  o f  t h e  f l o w  t h a t  

e v o l v e s  from (32 )  - ( 3 3 )  have been compared by Sod 1161 . Ye h a v e  

s o l v e d  t h i s  p rob lem u s i n g  t h e  s p e c t r a l  f i l t e r i n g  method w i t h  N = 6 4  

Chebyshev p o l y n o m i a i v  t o  r e p r e s e n t  t h e  f l o w  ( i n  c o n t r a s t  t o  S o d ' s  
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1 0 0  p o i n t  g r i d ) .  The r e s u l t s  a r e  p l o t t e d  i n  F i g .  5 a t  t = 0 . 3 .  B o t h  

t h e  shock  and c o n t a c t  d i s c o n t i n u i t y  a r e  r e s o l v e d  o v e r  o n l y  o n e  g r i d  

p o i n t ,  The o v e r a l l  s o l u t i o n  i s  i n  good a g r e e m e n t  c r i th  t h e  e x a c t  

s o l u t i o n  t o  t h e  problem. However, w i t h o u t  t h e  ' c o s m e t i c '  

f ' i n a l  f i l t e r ,  t h e  r e s u l t s  a r e  h i g h l y  o s c i l l a t o r y .  E v i d e n t l y ,  t h e  

h i g h l y  o s c i l l a t o r y ,  b u t  s t a b l e ,  s p e c t r a l  s o l u t i o n s  d o  c o n t a i n  

enough i n f o r m a t i o n  t o  r e c o n s t r u c t  s h a r p  d i s c o n t i n u i t i e s .  

F i n a l l y .  w e  c o n s i d e r  a problem i n  w h i c h  we t e s t  f o r  

p o s s i b l e  d e g r e a d i n g  o f  t h e  s o l u t i o n  due t o  t h e  n o n l i n e a r  i n t e r a c t i o n  

between o s c i l l a t i o n s  a r i s i n g  from i n t e r a c t i n g  s h o c k  waves.  T h e  

I n i t i a l  c o n d i t i o n s  a r e  

- 0.9 < '  x < l  p = p = u  =1, - 

T h e s e  i n i t i a l  c o n d i t i o n s  c o r r e s p o n d  t o  a 5 = 2.5 st!ock l y i n g  a 

d i s t a n c e  0.1 b e h i n d  a 5 = 2 shock.  The  s t r o n g e r  skock  o v e r t a k e s  

t h e  weaker  s h o c k  and g e n e r a t e s  a s i n g l e  c o a l e s c e d  s h o c k  and a s s o c i a t e d  

c o n t a c t  d i s c o n t i n u i t i e s  and r a r e f a c t i o n  wave. The r e s u l t i n g  d e n s i t y  

a t  t = 0.4  a f t e r  shock-coa1escet ;ce  i s  p l o t t e d  i n  F i g .  6 .  Observe  

t h a t  t h e  c o s m e t i c  f i l t e r i n g  method g i v e s  good r e s o l u t o n  o f  b o t h  

t h e  shock  and t h e  c o n t a c t  d i s c o n t i n u i t y  w h i l e  t h e  l o c a l i z e d  S h w a n  

f i l t e r i n g  method d e t e r i o r a t e s  i n  t h e  neiqhS-rSlood of t h e  c o n t a c t .  
* 

I n  c o n c l u s i o n ,  w? b e l i e v e  t h a t  t h e  e x c e l l e n t  r e s u l t s  a c h i e v e d  by 

t h e  p r e s e n t  i n i t i a l  i n v e s t i g a t i o n  'of s p e c t r a l  methods for h i g h l y  

compressible flows suggests t h a t  t h e s e  me thods  may p r o v e  use:ul for 

problems of p r a c t i c a l  i n t e r e s t .  Such a p p l i c a t i o n s  are now underwav. 
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FIGURE CAPTIONS 

F i g u r e  1 .  A p l o t  o f  t h e  s o l u t i o n  t o  t h e  wave e q u a t i o n  ( 1 )  w i t h  

f ( x )  = exp( - (x -n ) ' / 4Ax  ) a t  t = 4rr when t h e  i n i t i a l  p u l s e  h a s  7 2 

been t r a n s p o r t e d  two f u l l  p e r i o d s .  A F o u r i e r  s p e c t r a l  method 

w i t h  W = 6 4  modes and a weak low-pass  f i l t : . .  was used .  T h e  

p l o t t e d  r e s u l t s  a r e  i t 1  e x c e l l e n t ;  agrcemcnt  tri'.h t h e  e x a c t  

s o l u t i o n  f ( x - t ) .  

F i g u r e  2. Same a s  F i g .  1 e x c e p t  f ( x )  = l ( l X - n l < p ) ,  

O (  I x - n I > p ) .  

t o  remove t h e  o s c i l l a t i o n s .  Again t h e  p l o t t e d  r e s u l t s  a t  t = 4n 

a r e  i n  e x c e l l e n t  ag reemen t  w i t h  t h e  e x a c t  s o l u t i o n  f ( x - t ) .  

F i g u r e  3 .  A p l o t  of t h e  d e n s i t y '  p- vs x f o r  t h c  shock t u b e  problem 

w i t h  i n i t i a l  c o n d i t i o n s  (28)  - ( 2 0 )  w i t h  shock  s t r e n g t h  5 = 5 .  

a t  t = 0 . 1  o b t a i n e d  u s i n g  t h e  p s e u d o s p e c t r a l  method w i t h  N = 64 

Chebyshcv polynomia ls .  (a)  R e s u l t s  o b t a i n e d  a p n l v i n g  t!ie low-pass  

f i l t e r  ( 2 4 )  a t  e v e r y  t i m e  ste?. ( b )  q e s u l t s  o b t a i n e d  by a p p l y i n g  

t h e  p o s t - p r o c e s s i n q  Shuaan f i l t e r  (23)  w i t h  c o n s t a n t  ei [ e x c e p t  

one-s ided  a t  t h e  shock]  t o  t h e  results p l o t t e d  i n  (a ) .  ( c )  

1 

1 Here a one - s ided  a v e r a g e  v a s  used  a s  a p o s t - f i l t e r  

R e s u l t s  o b t a i n e d  u s i n g  a Shuman f i l t e r  (22)  wi%h (23) [ w i t h  no 

low-pass f i l t e r ]  a t  e v e r y  t i m e  s t e p .  

F i g u r e  4 .  Same as F i g u r e  3 e x c e p t  5 = 10  , t = 0 , 0 0 5 .  

Figure 5 .  P l o t s  o f  t h e  d e n s i t y ,  p r e s s u r e ,  v e l o c i t y ,  and e n e r g y  

a t  t = 0 . 3  f o r  t h e  shock  t u b e  nroblertl w i t h  i a i - 5 h l - b o u n d a r y  

conc l i t i ons  (32) - ( 3 3 ) .  The Chebyshev spectral zquations were 

4 

\ 

.. . - . 

t r u n c a t e d  a t  t F  = 64 p o l y n o m i a l s  and t h e  s p e c t r a l  f i l t e r i n l :  

ne lkod  was a p p l i e d  t o  smooth t h e  final r e s u l t s .  

F i g u r e  6. A p lo t  o f  t h e  d e n s i t y  P vs x f o r  t h e  two-shock 

prohlern w i t h  i n i t i a l  c o n d i t i o n s  ( 3 4 ) .  Here a 6 = 2.5 shock  

l ies  i n i t i a l l y  a d i s t a n c e  0 . 1  beh ind  a 5 = 2 shock.  The d e n s i t y  

is p l o t t e d  a t  t = 0 . . 4 ,  a f t e r  shock coa le scence .  ( a )  Low-pass  

f i l t e r  (24)  o n l y .  (b) Pos t -p rocess ing  f i l t e r  ( 2 2 )  w i t h  

c o n s t a n t  8 [ e x c e p t  one-s ided  a t  c a l c u l a t e d  d i s c o n t ~ n u ~ t ~ ~ e s l  

a p p l i e d  t o  t h e  r e s u l t s  of ( a ) .  (c) Shuman f i l t e r  (22) w i t h  
j 

(23) a t  e v e r y  t i m e  s tep.  
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